
 1

Water Resources Research, in press 1 

Onset and growth of tributary-dammed lakes 2 

Jammie P. C. Hsu and Hervé Capart 3 

Department of Civil Engineering and Hydrotech Research Institute, National Taiwan University, 4 

No. 1, Sec. 4, Roosevelt Road, Taipei 10617, Taiwan 5 

 6 

ABSTRACT 7 

We propose and test a theory describing the onset and growth of tributary-dammed lakes. 8 

Using a diffusion equation constrained by backwater effects, we show how tributary sediment 9 

influx can cause either a cuspate profile aggradation, or the formation of a lake upstream of the 10 

tributary junction. This lake expands upvalley and drowns previous deposits to leave a 11 

downstream-facing lake bed of inclination milder than the angle of stability. We obtain exact 12 

similarity solutions for such river and lake bed profiles, and validate them quantitatively using 13 

laboratory experiments. The resulting profiles are in qualitative accord with those of natural 14 

tributary-dammed rivers.  15 
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1. Introduction 16 

In unglaciated valleys, most natural lakes are due to river obstruction by landslide dams 17 

[Hutchinson, 1957; Costa and Schuster, 1988; Chen, 1999]. Sudden infill by landslide deposits 18 

temporarily blocks the flow of water until the lake level rises above the dam crest, and the 19 

ensuing overspill typically leads to rapid dam failure. In contrast with this pulsed scenario, 20 

valley-damming deposits can also accrete in a more gradual way, due to sustained sediment 21 

influx from tributaries. Under steady delivery of sediment by the tributary, the aggrading 22 

confluence can slowly raise the upstream backwater profile in the main river, forming a lake 23 

which interrupts sediment transit without blocking the water flow. Although such 24 

tributary-dammed lakes have long been recognized by river geomorphologists and engineers 25 

[Davis, 1933; Lane, 1955], no quantitative theory has yet been proposed for their conditions and 26 

modes of occurrence. In this rapid communication, we formulate a simplified theory of river 27 

processes and apply it to this long-standing open problem.  28 

Valleys prone to tributary-damming typically feature a laterally-constrained river of 29 

moderate slope, subject to strong sediment influx from a steeper tributary. Among other reported 30 

examples [see e.g. Galay et al., 1983], a well-documented case is the Upper Mississippi River 31 

(Fig. 1a), where post-glacial outwash deposits supplied by the tributary Chippewa River caused 32 

the formation of Lake Pepin [Zumberge, 1952; Wright et al., 1998]. As explained by Lane [1955], 33 
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the formation of a tributary lake can be understood as a response of the riverbed to localized 34 

sediment influx. When this influx is moderate, the main river can deposit sediment upstream of 35 

the aggrading tributary junction to maintain a downvalley bed inclination. The result is a cuspate 36 

profile like that produced along the Upper Mississippi by its confluence with the Wisconsin River 37 

[Schumm, 2005; Fig. 1b]. When the influx is large, by contrast, the deposition rate in the main 38 

river cannot keep pace with confluence aggradation because of insufficient sediment load. This 39 

causes the formation of a natural lake upstream of the tributary mouth, as in the case of Lake 40 

Pepin upstream of the Chippewa confluence (River Mile 765; Fig. 1a). Below, we clarify this 41 

process by constructing a quantitative mathematical theory, then testing its predictions using 42 

small-scale laboratory experiments.  43 

 44 

2. Theory 45 

We consider an alluvial river of infinite length, in a valley of constant width, having sediment bed 46 

elevation zs(x, t) governed by the Exner equation [see e.g. Paola and Voller, 2005] 47 
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where x is the horizontal coordinate, t is time, j(x, t) is the longitudinal flux of bed material 49 

(sediment + pore space) per unit width of the river, and i(x, t) denotes a distributed lateral influx 50 

of sediment. Sustained sediment influx from a tributary is represented by a steady point source at 51 
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the origin )(),( xItxi δ= , where I represents the tributary influx of bed material (sediment + pore 52 

space) per unit width of the main river, and δ (x) is the delta function. 53 

Longitudinal sediment motion is driven by a steady uniform water discharge (per unit width) q, 54 

flowing down-valley (q > 0). The evolution of the bed profile is assumed slow enough for the 55 

water profile zw(x, t) to respond in a quasi-steady fashion, subject to the following 56 

complementary inequalities: 57 

 0sw hzz +≥ ,   0w ≥
∂
∂

−
x

z
,   0)( w

0sw =
∂
∂

−−
x

z
hzz . (2) 58 

This subdivides the river course into reaches of running water (−∂zw/∂x > 0, zw  = zs + h0) where 59 

normal depth is assumed, and pools of standing water (∂zw/∂x = 0, 0sw hzz +> ) forming 60 

wherever a downstream control forces a horizontal backwater profile (see Fig. 2). In reaches of 61 

running water, the bed slope θtan/s =∂∂− xz   is assumed small ( 1cos ≈θ  ), but does not need 62 

to be mild (Froude number of the normal flow < 1), hence the flow can be sub- or supercritical. 63 

We approximate the sediment transport rate j(x, t) in the river by the modified diffusive flux 64 
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where D is the alluvial diffusivity (dependent on the water discharge q), and Smin is a minimum 66 

inclination required for sediment transport [Mitchell, 2006; Lai and Capart, 2007]. With 67 

xzS ∂−∂= /w , the equation is analogous to the transport law qSj ∝  proposed by Lane [1955], 68 

relating the sediment transport rate to a product of the water discharge and surface gradient. It 69 
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differs from the classical laws of Fourier and Fick for heat and species diffusion in that the 70 

transport is one way only (in the direction of water flow), suppressed in reaches of standing water 71 

(∂zw/∂x = 0) regardless of the sediment bed inclination ∂zs/∂x, and subject to the threshold 72 

condition −∂zw/∂x > Smin. A more refined theory would need to allow excessively steep slopes to 73 

relax to the angle of repose of the sediment material. In the present work, we assume like Voller 74 

et al. [2006] that the angle of repose is sufficiently steep relative to the riverbed inclination to be 75 

approximated as a vertical slope. 76 

We assume that the river starts from initial conditions zs(x,0) = −S0x, representing a linear 77 

profile of inclination S0 exceeding the transport threshold (S0 > Smin). The background sediment 78 

transport rate is therefore J0 = D(S0−Smin). Upon choosing a system of units which distinguishes 79 

between a vertical length Ly and a horizontal length Lx, it can be shown by dimensional analysis 80 

that the bed will evolve according to the functional form 81 
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Two distinct responses can occur depending on the rate of sediment influx I relative to the 83 

background transport rate J0. A moderate tributary influx I will cause the river to aggrade without 84 

interrupting sediment transit (preserving conditions −∂zw/∂x > Smin). In that case, 85 

S = −∂zs/∂x ≈ −∂zw/∂x (neglecting variations in normal depth h0), and eqs 1-3 reduce to the 86 
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standard diffusion equation 87 
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Without the right-hand-side point source, this equation has been widely used to describe the 89 

morphodynamics of alluvial rivers [Soni et al., 1980; Begin et al., 1981; Paola et al., 1992]. The 90 

response to a point source is well-known in the context of heat conduction [Carslaw and Jaeger, 91 

1959] and given by the solution 92 
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where the function )1)erf((/)exp()(ierfc 2 −+−= ξξπξξ  is the first integral of the 94 

complementary error function. In an alluvial context, this represents an aggradation during which 95 

the river bed maintains a self-similar cuspate shape (Fig. 2a). Whereas most self-similar solutions 96 

of river morphodynamics apply only to profiles from which the initial slope xSxzs 0)0,( −=  has 97 

been subtracted [Daly and Porporato, 2005], profiles here are self-similar even when slope is 98 

retained. For a given run ( 0S , I and D held constant), profiles take the mathematical form 99 

)/(/ DtxfDtzs = . This implies geometric self-similarity, where both x and z coordinates are 100 

rescaled at the same rate Dt , and profiles at different times are homothetic to each other. Note 101 

also that the tributary is not the source of the sediment aggrading upstream of the confluence 102 

(x < 0), which is supplied instead by the main river.  103 

In the above solution, the slope of the river channel immediately upstream of the tributary 104 
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junction is DISS /2
1

0 −= , and satisfies the inequality S ≥ Smin provided that 105 

0min0 2)(2 JSSDI =−≤ . If this condition is exceeded, however (I > 2J0), the sediment infill 106 

upstream of the junction cannot keep up with the aggrading confluence, and a tributary-dammed 107 

lake forms (Fig. 2b). The point of minimum inclination S = Smin at the downstream end of the 108 

upstream alluvial reach is forced to retreat upvalley, producing a migrating slope break at 109 

evolving position )(tLx −= . The resulting gap −L(t) < x < 0 is filled by a pool of standing water, 110 

across which sediment transport is suppressed. This transition between cuspate aggradation and 111 

lake formation in response to tributary sediment influx is analogous to two other alluvial 112 

transitions, between delta front build-up and retreat in response to sea level rise [Muto and Steel, 113 

1992; Muto, 2001], and between incision and diversion in response to bedrock uplift [Humphrey 114 

and Konrad, 2000]. Remarkably, in the present case, exact analytical solutions continue to exist 115 

beyond the transition. When a lake forms, the solution for the downstream half of the river is 116 

obtained subject to boundary condition Itj =),0(  at the confluence, and is given by 117 
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where we have made use of relation J0 = D(S0−Smin) relating the background sediment transport 119 

rate J0  and the initial channel slope S0. This result is in agreement with past experimental and 120 

analytical results for semi-infinite alluvial channels subject to prescribed sediment overload [Soni 121 

et al., 1980; Jain, 1981]. Under the standing water condition ∂zw/∂x = 0, the upstream edge of the 122 
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lake rises in lockstep with the aggrading dam crest, and transgresses upvalley (Fig. 2b). A moving 123 

boundary problem must therefore be solved upstream of the lake. Such problems have been 124 

solved recently for a variety of alluvial cases [Voller et al., 2004; Capart et al., 2007]. In this case, 125 

the solution is obtained subject to the following boundary conditions. The bed elevation at the 126 

upstream edge of the lake rises with the elevation zs(0,t) of the dam crest, known from eq. 7, 127 

yielding condition ),0()),(( tzttLz ss =− )/()(2 0 πDtJI −=  (where we have used the fact that 128 

π/1)0(ierfc = ). The river sediment load, on the other hand, is exhausted at the lake edge, 129 

0)),(( =− ttLj , and equal to the background sediment transport rate far upstream of the lake 130 

0),( Jtj =−∞ . These conditions yield for the upstream river profile the solution 131 
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where DttL λ=)(  and λ is the root of transcendental equation 133 

 0
 )(erfc

)(ierfc
2 0

0

2
1

0

2
1

0 =
−

−+
DS
JI

DS
J

πλ
λλ

. (9) 134 

The thickness of the sediment deposit at the tributary mouth is given by 135 
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This thickness scales with the square root of time regardless of whether a lake forms. This 137 

implies unchecked, indefinite growth, limited in practice by boundary effects for rivers of finite 138 

length. Due to lake formation, the dependence of the deposit thickness on the tributary influx I is 139 
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non-linear. A break of trend occurs at the onset of lake formation (I = 2J0), beyond which 140 

aggradation is enhanced at the tributary junction. When the influx exceeds this threshold, a lake 141 

of rising level and increasing length develops (Fig. 2b). As in the case of cuspate aggradation, the 142 

bed profile responds in geometrically self-similar fashion to the steady tributary sediment influx, 143 

hence the lake maintains a constant length-to-depth ratio during its growth. Water continues to 144 

flow past the dam, and only sediment transit is interrupted across the lake. The upvalley 145 

transgression of the lake leaves a characteristic bathymetric signature, with a lake bed that 146 

acquires a downstream-facing slope of constant inclination. Unlike avalanching delta foresets for 147 

which the slope is determined by the angle of stability, here the lake bed inclination is set by the 148 

rate of aggradation of the tributary dam. A faster aggradation yields a more rapid lake 149 

transgression, hence a lake bed of milder downstream-facing slope, possibly dropping well below 150 

the angle of stability. Analogous shoreline transgressions were earlier described for deltas 151 

responding to rising sea levels [Muto and Steel, 1992; Parker and Muto, 2003]. 152 

 153 

3. Experiments 154 

To test the above predictions, we conducted small-scale laboratory experiments in conditions 155 

approximating the simplified assumptions of the theory. A long, narrow channel (length 250 cm, 156 

width 1 cm) of adjustable slope is provided with steady water inflow q from a constant head tank. 157 
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Dry sand (median diameter d50 = 0.32 mm, coefficient of uniformity d60/d10 = 1.84) is pluviated 158 

into the channel using upstream and midstream feeders representing respectively the background 159 

river sediment flux J0 and the tributary sediment influx I. The submerged angle of repose of the 160 

sand is o36=ϕ . Calibration runs with the tributary influx I turned off and the bed brought to 161 

equilibrium grade under steady upstream inflows of water and sand were first performed to 162 

characterize the relation j(q, S) between water discharge q, inclination S = −∂zs/∂x = −∂zw/∂x, and 163 

sediment flux j. The resulting data (Fig. 3a) are well approximated by the power law 164 

 βα Skqj = , (11) 165 

where k = 1.03 (mm2s−1)1−α, α = 1.39, and β = 2.28 (root-mean-squared residual = 4 mm2s−1 for 166 

sediment fluxes in the range 0 < j < 130 mm2s−1). Tributary experiments were conducted for 167 

different values of water discharge and tributary sediment influx. All experiments were started 168 

from the same initial grade S0 = 0.11 obtained by adjusting the upstream sand supply J0 to the 169 

corresponding water discharge. At time t = 0, the tributary sand supply is turned on at prescribed 170 

rate of influx I. The ensuing response of the sand bed is observed through the transparent sidewall 171 

using time-lapse photography. The digital images are transformed to metric profiles zs(x, t) based 172 

on a calibrated scale factor, reference horizon z = 0, and lens distortion correction, yielding an 173 

accuracy of 0.2 mm. A total of 27 runs were conducted at the three different water discharges q1 = 174 

280 mm2s−1, q2 = 470 mm2s−1, and q3 = 730 mm2s−1 subject to various ratios of tributary sediment 175 



 11

influx I to background sediment flux J0, in the range 1 < I/J0 < 5. For comparison with the theory, 176 

the power law of eq. 11 must be converted to the simplified form of eq. 3. This is done by 177 

cross-calibrating coefficients D and Smin against k, α and β (using least squares over range 0 ≤ 178 

S/S0 ≤ 2), yielding D/J0 = 30 and Smin/S0 = 0.7 and the piecewise linear relation represented by a 179 

bold line in Fig. 3a. For field application, coefficients D and Smin could likewise be 180 

cross-calibrated against an available sediment transport relation, either empirical (based on in situ 181 

measurements), or predictive (based on the hydraulic and sedimentological characteristics of the 182 

river). Once the two coefficients have been determined, all other results can be calculated from 183 

the theory, hence represent testable predictions.  184 

 185 

4. Results and discussion 186 

Figures 3b,c and 4 compare the theoretical predictions with the experimental measurements. 187 

Normalized results for the lake length L(t) are presented in Fig. 3b, with each run represented by 188 

a data point and error bars representing the range of values extracted from four different times 1t  189 

to 4t  at approximately 1 minute intervals. As predicted, no lake forms when the ratio of 190 

tributary influx to background sediment flux lies below the threshold value I/J0 = 2. Beyond this 191 

threshold, the lake length calculated from eq. 9 shoots up as the ratio I/J0 increases. The 192 

characteristic shape of the curve suggests that lake onset is analogous to a continuous, 193 
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second-order phase transition. Although the observed onset of lake formation is slightly delayed, 194 

and the measured data fall slightly below the theoretical curve, the experimental data follow the 195 

same behavior. Results for the normalized sediment deposit thickness 2/1
00 )/( tJSH  are plotted 196 

in Fig. 3c against the ratio of tributary influx to background sediment flux I/J0. Although the 197 

trend break at the onset of lake formation (I/J0 = 2) is not as sharp as implied by the theory, the 198 

experimental deposit exhibits the predicted enhanced aggradation for I/J0 > 2.  199 

Long profiles for two experimental runs respectively below and above the lake formation 200 

threshold are presented in Fig. 4. In accordance with the theory, profiles zs(x, t) acquired at 201 

different times for either run are geometrically self-similar, collapsing together when plotted in 202 

normalized coordinates. As predicted, likewise, distinct deposit shapes are observed below and 203 

above the threshold I/J0 = 2. Below the threshold (I / J0 = 1.6, Fig. 4a), a characteristic cuspate 204 

aggradation is observed. The deposit thickness exhibits mirror symmetry about the tributary 205 

mouth, and the bed profile maintains an elevation that monotonically decreases down valley. 206 

Above the threshold, on the other hand (I / J0 = 4.4, Fig. 4b), the alluvial profile is no longer 207 

monotonically decreasing, and a lake forms upstream of a tributary dam. Breaking the mirror 208 

symmetry, the downstream deposit accumulates more sediment (received from the strong 209 

tributary influx) than the upstream deposit (which traps the weaker background sediment flux). 210 

Overall, the theoretical and experimental profiles match well, save for a slightly underestimated 211 
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cuspate deposit thickness in Fig. 4a, and for the upstream dam face in Fig. 4b, assumed vertical in 212 

the theory (no upvalley sediment motion is allowed), but which relaxes to the angle of repose in 213 

the experiments. Despite this local limitation, the other features of the tributary-dammed lake of 214 

Fig. 4b show good agreement between theory and experiment. This includes the predicted retreat 215 

of the upstream lake edge along a line of constant inclination (well below the angle of repose), 216 

the shallow deposit upstream of the lake, and the half-cusp profile of the riverbed downstream of 217 

the tributary mouth. Qualitatively, the predicted and measured bed profiles resemble the recorded 218 

profile of the Upper Mississippi (Fig. 1b), with convex segments upstream and downstream of 219 

the Wisconsin junction, a raised half-cusp profile of the river bed downstream of Lake Pepin, and 220 

a triangular lake bathymetry deepest immediately upstream of the Chippewa tributary dam.  221 

 222 

5. Conclusions 223 

In this paper, we proposed a theory for the onset and growth of tributary-dammed lakes. Using a 224 

diffusion description constrained by backwater effects, we were able to identify the threshold 225 

beyond which tributary sediment influx leads to the formation of a lake, and to obtain exact 226 

solutions for the alluvial profiles below and above this threshold. Predictions of the theory are in 227 

quantitative agreement with the results of laboratory experiments, and qualitatively match 228 

documented field profiles from tributary-dammed valleys. The proposed theory may help 229 
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interpret past and present lake formation episodes, and demonstrates how even the simplest 230 

external perturbations can elicit rich responses from alluvial rivers. In many ways, however, the 231 

proposed theory represents a minimal model, and extensions would be needed to account for 232 

grain size effects [see e.g. Rice and Church, 2001], tributary water supply, angle-of-repose 233 

constraints, sediment accommodation space in the tributary valley, and possible bedrock controls. 234 

These avenues are suggested for further work.  235 
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Figure captions 295 

Figure 1. Tributary-dammed Lake Pepin, formed across the Mississippi River due to sediment 296 

influx from the Chippewa River: (a) map showing local relief (digital elevation data from the 297 

Upper Mississippi Basin Stakeholder Network, St Mary's Univ. of Minnesota) and watercourse 298 

(bathymetry from the USGS Upper Midwest Environmental Sciences Center); (b) elevation plot 299 

showing the influence of the Chippewa and Wisconsin rivers on the long profile of the Upper 300 

Mississippi (source of the data: USGS). The marker at River Mile 765 has latitude 44°24'49" N 301 

and longitude 92°06'54" W. 302 

Figure 2. Self-similar alluvial responses to sediment supply from a tributary: (a) 303 

tributary-induced cuspate aggradation; (b) tributary-dammed lake, forming when the tributary 304 

supply exceeds twice the original sediment transport rate in the river (I > 2J0). 305 

Figure 3. Comparison of theory and experiment: (a) calibrated sediment transport relationship 306 

(thin curve = power law; bold curve = approximate diffusive flux); (b) normalized lake length 307 

versus ratio of tributary sediment supply I to undisturbed sediment transport rate J0, with lake 308 

formation predicted to occur when I > 2J0; (c) dependence of the normalized sediment deposit 309 

thickness at the tributary on ratio I / J0. The bold curves in panels (b) and (c) are the theoretical 310 

predictions, and symbols represent experimental data for water discharges q1 = 283 mm2s−1 311 

(squares), q2 = 467 mm2s−1 (diamonds) and q3 = 733 mm2s−1 (circles).  312 



 18

Figure 4. Self-similar river and lake bed profiles produced by steady sediment influx from a 313 

tributary: (a) cuspate aggradation (I / J0 = 1.6); (b) tributary-dammed lake (I / J0 = 4.4). Lines are 314 

the theoretical predictions, and rotated triangles represent measured profiles approx. 1, 2, 3 and 4 315 

minutes after the start of tributary influx. Both experimental runs correspond to water discharge 316 

q2 = 467 mm2s−1. 317 
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(squares), q2 = 467 mm2s−1 (diamonds) and q3 = 733 mm2s−1 (circles).  339 

 340 
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   341 

Figure 4. Self-similar river and lake bed profiles produced by steady sediment influx from a 342 

tributary: (a) cuspate aggradation (I / J0 = 1.6); (b) tributary-dammed lake (I / J0 = 4.4). Lines are 343 

the theoretical predictions, and rotated triangles represent measured profiles approx. 1, 2, 3 and 4 344 

minutes after the start of tributary influx. Both experimental runs correspond to water discharge 345 

q2 = 467 mm2s−1. 346 


