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Abstract 

The present experimental study examines the behaviour of slow granular flows, focusing on 

the details of particle motions and patterns over the depth of a sheared layer. A conveyor belt 

circuit enclosed in an inclined flume is used to generate steady uniform open-channel flows of 

dry granules. Particle positions near the transparent sidewall are extracted from video 

sequences. The Voronoï diagram is then used to characterise the patterns formed by 

neighbouring grains and to assist particle tracking over successive frames. This allows a 

qualitative visualisation of the internal structure of the flowing layer, as well as a quantitative 

characterisation of the distribution of mean velocity, velocity fluctuations, and density of 

lattice defects over depth. We examine in particular how the macroscopic and microscopic 

features of the flow respond to different conveyor belt speeds.  
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1 

Introduction 

Dry granular flows are encountered in a variety of geophysical phenomena and industrial 

processes. Apart from applications, they are of interest as a striking example of complex 

system, for which complicated behaviours arise from the interaction of simple constituents. 

One of the key complications is the existence of two distinct flow regimes. In rapid granular 

flows, particles interact through short-lived collisions and the stresses vary roughly as the 

square of the shear rate. Slow granular flows, by contrast, are characterised by long-lasting, 

frictional contacts between grains, and exhibit stress magnitudes which are independent of the 

rate of deformation. How do microscopic features at the granular scale affect the macroscopic 

flow behaviour ? For rapid granular flows, convincing answers to this question have emerged 

from theoretical, computational and experimental studies [1,2]. Likewise, an understanding of 

what controls the transition between frictional and collisional behaviour is being reached [3,4]. 

For the slow granular flow regime itself, by contrast, a coherent picture is yet to be assembled. 

While theoretical approaches have been proposed [5,6], wide gaps remain to be filled using 

empirical information.  

 

We document in the present paper some detailed experimental observations which we hope 

can be useful in this regard. They pertain to slow free surface flows of spherical particles 

examined in an inclined conveyor belt channel. Devices of similar design have been used by 

previous researchers to study liquid-granular debris flows [7,8]. The apparatus is found in the 

present work to be useful for the study of dry granular flows as well. In particular, conditions 

very close to steady uniform rectilinear flow are obtained. These conditions are more difficult 

to approximate in rotating drums [9], annular shear cells [10], or non-recirculating chutes [11], 

which are the devices most commonly used to study granular shear flows.  
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To characterise the parallel shear flows, we rely on video images of the grains moving near 

the sidewall of the channel. Thus a limitation of the present experiments is that while the 

granular flow is three-dimensional (as opposed to a two-dimensional system of particles held 

between parallel plates), visual access is restricted to the near-wall grains. To analyse the 

patterns and motions of the visible grains, standard image analysis techniques are 

complemented by special tools based on the Voronoï diagram. This geometrical construction 

has been found useful by a number of investigators seeking to analyse experimental or 

computational systems of interacting particles [12,13,14,15,16]. Here we use the Voronoï 

diagram for two different tasks: first, to characterise patterns of neighbouring grains on still 

images, and secondly to assist velocimetric particle tracking over a sequence of frames. 

 

The paper is organised as follows. Sections 2 and 3 describe the experimental apparatus and 

imaging techniques, respectively. Section 4 provides a qualitative picture of the internal 

structure observed in a typical run. Velocity and defect density profiles are then presented and 

discussed in sections 5 and 6. Finally conclusions are drawn in section 7.  

 

2 

Laboratory apparatus and experimental procedure 

Experiments were conducted at the Environmental Fluid Mechanics Laboratory (EFML) of 

the Department of Civil Engineering, National Central University. The laboratory device 

adopted for the present research is schematised on Figure 1. A conveyor belt circuit is 

enclosed in a glass-walled channel of rectangular cross section and adjustable slope. The 

rubber conveyor belt is mounted on four fixed corner rollers, with a fifth roller used to tune 

the belt tension. The lower left roller is driven by a variable speed electric motor. The 

conveyor belt slides along the channel floor in the central compartment of the channel. The 

vertical plates bounding this compartment left and right have small gaps at the bottom 
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allowing passage of the belt. The inside dimensions of the central compartment are: length = 

150 cm; width = 12 cm; height of the glass sidewalls = 35 cm. The entire device can be 

inclined at angles going from 0 to 30 degrees. The conveyor belt has transversal grooves of 

trapezoidal shape (trapeze height = 2.2 mm, base length = 9.2 mm and top length = 5.8 mm), 

as shown on Figure 1 (inset). 

 

The granules used for the experiments are white monosized plastic beads of spherical shape 

having the following properties: diameter d = 5.85 mm; density = 1.915 g/cm3; angle of 

repose = 22.5 degrees. In the present work, all experiments were conducted with the same 

volume of particles placed evenly in the central compartment, rising to a depth of 

approximately 12 cm. Experiments are conducted by driving the conveyor belt and observing 

the resulting granular flow. Confined within the compartment, the granular material is driven 

upslope by the moving conveyor belt and pulled downslope by gravity. Preliminary 

experiments conducted at various inclinations and belt speeds indicated that the granules tend 

to heap at the upper end of the channel for low inclinations and at the lower end of the 

channel for higher inclinations. There is a unique inclination at which the depth of the 

deforming layer is approximately uniform over the whole length of the channel. This occurs 

for an inclination of 15.6 degrees. This angle is not measurably affected by the belt velocity at 

least up to speeds of 20 cm/s. All experiments described in the present paper were obtained at 

this precise inclination where the flow is approximately steady uniform.  

 

To characterise the flows, digital video footage is acquired using a TRV-30 Sony DV camera. 

The camera is positioned to capture a side view of the granular layer close the channel 

mid-length, where the motion is most nearly parallel. The viewing window is inclined with 

the channel and covers the full depth of the granular layer. Illumination is provided by two 

spotlights oriented at approximately 45 degrees. The camera operates at a frequency of 30 Hz 
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in interlaced mode (odd and even rows correspond to staggered time instants), with an image 

resolution of 480 rows by 720 columns. Before processing, images are split into their odd and 

even rows in order to obtain instantaneous images at twice the frame rate (60 Hz) but half the 

vertical resolution. For each experimental test, the granular flow runs for more than a minute 

at the chosen conveyor belt speed before footage is acquired over a duration of 6 seconds.  

 

3 

Image analysis 

We seek to analyse the patterns and motions of near-wall particles in the vertical ),( yx  

plane (see Figure 1). Basic imaging algorithms (see reference [14] for details) are first used to 

automatically extract particle positions from the images (Figure 2a). De-interlaced frames are 

convoluted with a Laplacian-of-Gaussian filter. Particle centres are then identified as 

brightness maxima of the filtered images. Sub-pixel accuracy is obtained by fitting a quadratic 

surface to the neighbourhood of each maximum and taking the position of the surface peak as 

estimate of the particle position on the image. Calibrated scale factors are finally used to 

convert to physical units. This yields sets of coordinate pairs ),( )()( m
i

m
i yx , where a given pair 

denotes the position of the i-th particle identified on the m-th frame of the sequence.  

 

The two subsequent steps both resort to the Voronoï diagram. For a given frame m, the 

Voronoï tiling assigns to each particle i a polygonal region of the plane (its Voronoï cell) in 

which points lie closer to particle centre ),( ii yx  than to any other particle centre in the set. 

In the present work, we use the Voronoï diagram for two different purposes (Figure 2b-c). The 

first purpose is to characterise the local arrangement of near-wall grains on the basis of the 

number of sides of individual Voronoï cells [12]. Regions where particles are arrayed in a 

crystal-like hexagonal packing feature 6-sided polygons only, while more disordered regions 
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include polygons with different side counts, 5 or 7 sides being the most frequent (see Figure 

2b). Such polygons appear in the neighbourhood of voids or dislocations in an otherwise 

hexagonal array, or in regions where particle arrangements are completely irregular. 

Departures from crystalline packing can thus be quantified by introducing a local “defect 

density”, defined as the ratio δν  of the number of n-sided Voronoï cells ( 6≠n ) to the total 

number of Voronoï cells in a given region of the plane. To avoid edge effects, Voronoï cells 

located along the boundaries of the imaged domain are excluded from consideration 

according to the criterion of reference [12] 

 

The second task for which we resort to the Voronoï diagram is the velocimetric tracking of 

particles. Once sets of particle positions ),( )()( m
i

m
i yx  and ),( )1()1( ++ m

j
m

j yx  have been 

identified on two successive images m and 1+m , the problem is to establish the one-to-one 

correspondence )(ij  linking two successive sightings of each physical particle. If this 

correspondence can be obtained, particle velocities ),( )()( m
i

m
i vu  can be approximated by [17] 
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In the present experiments, the particles are identical but move relatively slowly hence a 

reasonable correspondence )(ij  can be obtained by simply assuming that the next position 

of a given particle is the one closest to its previous position. This is the so-called minimum 

displacement algorithm [18]. To make this approach more robust, however, we also exploit 

point-pattern information extracted from the Voronoï diagram: two particle positions are 

considered good matches if the associated displacement is small and if their corresponding 

Voronoï cells are similar in shape, according to the criterion detailed in reference [14]. This is 

illustrated on Figure 2c.  

4 

Structural features 
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Before examining velocity and defect distributions in a quantitative fashion, it is useful to 

take a qualitative look at a typical experimental run. Figures 3 and 4 show short-exposure and 

long-exposure views, respectively. The figures depict a number of structural features similar 

to those documented in detail by Drake [11] in experiments with granular monolayers held 

between vertical parallel plates.  

 

Panels a and b of Figure 3 document typical instantaneous arrangements of near-wall particles 

during the slow shear flow. Throughout the layer, particles are densely packed and interact 

with their neighbours through enduring contacts rather than short-lived collisional encounters. 

Only at the very top do some particles occasionally tumble downslope, bouncing rapidly 

along the free surface. Comparison of panels a and b illustrates the relationship between 

granular patterns and the number of sides of their Voronoï cells. Side counts differing from 6 

are clearly associated with localised defects or disordered regions. Conversely, 6-sided cells 

do not imply a perfect tiling of regular hexagons: distorted lattices also qualify, and regions 

where patterns are most irregular nonetheless yield a certain proportion of 6-sided cells.  

 

Contrasted patterns are observed in the lower and upper parts of the flow. The lower part 

features disordered arrangements, as grains must adjust to the geometrically rough boundary 

of the conveyor belt. The trapezoidal grooves of the belt are periodic, but their dimensions do 

not match those of the grains, hence a disrupting effect felt up to some 5-10 diameters above 

the belt. In the upper part of the flow, on the other hand, one observes coherent blocks where 

particles are arrayed with crystal-like regularity. Distinct blocks are separated from each other 

in two different ways. They may join across clean fault lines oriented parallel to the bed or at 

angles of ±60 degrees. Alternatively, they may be separated by irregular intersticial zones 

where defects tend to cluster.  
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Complementing the pattern information, panel c of Figure 3 shows the corresponding velocity 

field. The velocities shown are derived from individual particle displacements measured over 

5 successive frames, and no spatial filtering or averaging has been applied. Superimposed 

upon the overall shear deformation, coherent granular motions are observed, with vortex-like 

structures apparent at mid-depth. Comparison with panels a and b indicates that these 

correspond to rotations of the crystal-like blocks. Zones across which velocities change 

directions further coincide with the boundaries between blocks. The flow field is 

approximately divergence-free, indicating that the compact granular flow behaves like an 

incompressible phase. No slip is observed at the base of the flow: grain velocities at the base 

are equal to the speed of the conveyor belt (14.7 cm/s for this run).  

 

Granular motions are further documented on Figure 4. Panel a is an artificial long exposure 

image obtained by merging together a sequence of 5 video frames. The image conveys an 

intuitive sense of how the flow deforms and corroborates the more precise information of 

Figure 3c. Panels b and c of Figure 4 are obtained by tracking particles over 50 successive 

frames, and indicate how particles move over a longer time interval (0.83 sec). Particle 

trajectories are plotted in two different ways. Panel b shows the raw trajectories ))(),(( tytx , 

while panel c shows convected trajectories ))(),(( tytx ′′  obtained by subtracting a time 

integral of the local mean flow velocity from the raw trajectories. This amounts to observing 

individual particle paths in a frame of reference moving with the local mean flow, as 

suggested in reference [19].  

 

Both sets of trajectories further highlight the internal structure of the slow granular flow. On 

panel 4b, contrasted pictures are again obtained for the lower and upper parts of the flowing 

layer. In the lower part, trajectories tend to distribute evenly over depth due to the more 

irregular arrangement of the corresponding grains. In the upper part, by contrast, trajectories 
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cluster into horizontal threads, much like lanes of a highway along which cars follow one 

another, changing lanes only occasionally. Distinct horizontal rows of particles slide one on 

top of the other to accommodate the overall shear deformation. On panel 4c, the convected 

trajectories highlight the block structure of the flow. In a given block, the motion histories of 

individual particles exhibit long range correlations, tracing orbits which are strikingly similar 

in shape. On the other hand different blocks exhibit dissimilar fluctuation velocity signatures. 

The motions of distinct blocks are not synchronised, and they move intermittently with 

respect to each other. These kinematical features closely match the “grain-layer gliding” and 

“block gliding” mechanisms described by Drake [11]. Layering of particles in organised rows 

has also been observed in computations of dense granular flows in the collisional regime [20], 

and in liquid-granular flow experiments [21]. 

 

5 

Velocity profiles 

The imaging procedures outlined above yield large sets of data, of the order of 250,000 

velocity vectors and Voronoï cell side counts for each experimental run. In order to reduce 

these data to profiles over depth, the flow layer is subdivided into non-overlapping bins of 

constant thickness into which measurements are distributed. The bin thickness y∆  

corresponds approximately to one grain diameter. The average longitudinal velocity )( kyu  

within the k-th bin is given by [10] 
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where ky  is the height of the centre of the k-th bin and )()( kI m
i  is an indicator function 

defined by 
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Once bin-averaged velocities ku  have been estimated, fluctuation velocities are taken as 
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i yuuu −=′ , (4) 

where )( )(m
iyu  is obtained at the actual instantaneous position of the particle )(m

iy  by 

linearly interpolating from profile )( kyu . Root-mean-squared (rms) velocity fluctuations in 

each bin are then given by 
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Depth-profiles of fluctuation velocities in the y-direction )(2
kyv′  are obtained likewise.  

 

Profiles were obtained for a series of 14 experimental runs conducted at belt speeds ranging 

from 4 to 18 cm/s. Figures 5 and 6 show the corresponding results for the mean and 

fluctuation velocities. On panel 5a, the mean longitudinal velocity profiles )(yu  are plotted 

in dimensional units. On panel 5b, the same data are plotted in terms of dimensionless ratios 

hy /  and 0/ uu , where =h 12 cm is the approximate depth of the granular layer and 0u  is 

the speed of the conveyor belt (shown for each run as a filled symbol on panel 5a). Mean 

granular velocities at the base of the layer are practically equal to the belt speed, confirming 

previous observations that the no slip condition applies to the geometrically rough boundary.  

 

Integration of the mean velocity profiles over depth yields values close to zero, as expected 

for a steady granular flow confined within rigid boundaries at the left and right sides of the 

channel. Grains move up along the bottom, driven by the belt, and flow back down along the 

surface. The profiles obtained for various belt speeds are highly similar in shape. For any 
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given profile, the shear rate |/| yu ∂∂=γ&  peaks at the free surface, and decreases to a local 

minimum at mid-depth. The shear rate increases again in the lower half of the layer before 

decreasing in the immediate vicinity of the belt. The low shear rates observed at mid-depth 

most likely reflect the influence of friction along the sidewall. In that zone, mean velocities 

close to zero allow particles to undergo stick-slip motions, intermittently adhering to or 

sliding along the stationary wall. Where the mean velocity is further away from zero, by 

contrast, particles continuously slide along the wall.  

 

As documented on panel 5b, the most striking feature of the flow is the way the profiles very 

nearly collapse together when the mean granular velocity is scaled with respect to the belt 

speed. This implies that the mean flow velocity throughout the layer is controlled by the speed 

of the conveyor belt. In other words, the self-similar profiles are kinematically constrained by 

the speed imposed at the lower boundary. The fact that steady uniform flow can be obtained 

for various belt speeds further implies rate-independent granular stresses, a hallmark of the 

slow frictional regime. In steady uniform flow, the shear and normal stresses at any given 

depth must balance the weight of the overlying granular layer, and are thus determined by the 

inclination of the channel and the packing density of the particles. Both these parameters are 

held virtually constant in the present experiments, hence the stress levels at a given depth 

must be nearly identical for all runs. What varies is the rate of deformation, controlled by the 

speed of the conveyor belt as it increases from 4 to 18 cm/s. Thus stresses are not affected 

even when multiplying the deformation rate by a factor of 4.  

 

Fluctuation velocities are displayed on Figure 6. Panel 6a shows profiles of normal-to-bed 

rms fluctuation velocities )(2 yv′  in dimensional units. Panel 6b plots the same data in 

terms of dimensionless ratios hy /  and 0
2 / uv′  where again the layer depth h  and 
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conveyor belt speed 0u  are chosen as normalising variables. Finally, panel 6c compares 

normal-to-bed rms fluctuation velocities 2v′  against the corresponding longitudinal 

fluctuations 2u ′  (taken at the same depth). The fluctuation velocity profiles exhibit 

various features which are similar to those observed earlier for the mean velocity profiles. 

First, profiles for different runs are highly similar in shape (panel 6a). Qualitatively, the 

fluctuation velocity evolves over depth in much the same way as the shear rate. For any given 

profile, the fluctuation velocity 2v′  peaks at the free surface, decreases to a local 

minimum at mid-depth, then increases again in the lower half of the layer before decreasing in 

the immediate vicinity of the belt. 

 

When scaled by the corresponding conveyor belt speeds, the fluctuation velocity 

measurements are also observed to approximately collapse together (panel 6b). The points do 

not align as closely as the mean velocity data (Figure 5), but this may be due to limitations of 

the measurements rather than a physical effect. Comparatively larger quotients 0
2 / uv′  are 

recorded for the slower flows, but these are also those for which one expects a larger 

noise-to-signal ratio (errors on particle positions registering as spurious extra fluctuations). 

On panel 6c, the fluctuation velocities in the two perpendicular directions 2u ′  and 2v′  

are seen to have roughly the same strength. A slight anisotropy is recorded, with longitudinal 

fluctuations 2u ′  stronger than normal-to-bed fluctuations 2v′  by some 15 %. This 

feature is shared with simulations of collisional granular flows [22], although the 

rate-independence of the present observations puts them squarely in the frictional regime. 
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6 

Defect distribution 

A characterisation of the distribution of packing defects can be sought based on the same 

subdivision of the flowing layer into non-overlapping bins. Particle centres falling into each 

bin have the number of sides n of their Voronoï cells counted. Cells for which 6≠n  are 

further recorded as lattice defects and contribute to the defect density of the binning sublayer 

)( kyδν . Here we define the defect density as the ratio δν  of the number of n-sided Voronoï 

cells ( 6≠n ) to the total number of Voronoï cells centred in a given sublayer.  

 

Before examining depth profiles of the defect density, it is useful to take a more detailed look 

at the probability distribution )(nP  of the number of cell sides in separate sublayers of a 

typical run. Figure 7 shows such side count statistics for three different sublayers of the run 

documented already in Figures 3 and 4 (for conveyor belt velocity =0u 14.7 cm/s). To 

facilitate interpretation, panel 7a shows the side count distribution )(nP  associated with 

Voronoï diagrams derived from completely random dispersions of points in the plane. It was 

obtained by Le Caer and Ho [23] (see also [24]) using Monte-Carlo simulations of a Poisson 

process. Even for such random dispersions, 6-sided cells are the most likely. The 

corresponding proportion is only ≈= )6(nP 0.2946, however, and counts of =n 4,5,7 and 8 

are also frequent.  

 

In the granular flow experiments, the side count distributions are significantly narrower. The 

distribution closest to the idealised Poisson process distribution occurs in the lowermost 

sublayers of the flow, near the conveyor belt where the belt geometry strongly disrupts the 

particle packing (panel 7b). Even there, however, the spread around =n 6 is much narrower, 

with few cells having counts smaller than 5 or greater than 7. This indicates that the 
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randomness of the granular arrangement there is limited, constrained as it is by excluded 

volume effects (monosized particles which cannot interpenetrate). In sublayers located at the 

flow mid-depth (panel 7c), the arrangement is much more regular. More than 80 % of the cells 

are 6-sided, with the remainder evenly split between 5-sided and 7-sided cells. This reflects 

the tendency of defects to occur in pairs of 7-sided and 5-sided cells, as shown on Figure 3b 

where such cells are respectively denoted by symbols (+) and (−). The situation is similar in 

the uppermost sub-layers of the flow, close to the free surface (panel 7d), but the proportion of 

defects ( 6≠n ) there is greater than at mid-depth.  

 

Depth profiles of the defect density )( kyδν  for the 14 different experimental runs are 

shown on Figure 8 (hollow symbols, where the different shapes correspond to separate runs 

using the same convention as in Figure 5). As measured by indicator δν , defects are 

observed to be most prevalent at the bottom and at the top of the flowing layer. Conversely, 

the most regular granular arrangements (low defect density δν ) are encountered in the 

middle of the layer. For any given run, a relatively regular C-shaped curve is obtained for the 

distribution )( kyδν  of the defect density over depth. This quantifies and corroborates the 

qualitative trends observed earlier.  

 

On Figure 9, the minimum value of the defect density for each run (min)
δν  (obtained close to 

the layer mid-depth) is plotted against the corresponding conveyor belt speed 0u . Values for 

different belt speed are seen to present substantial scatter around a mean of approximately 

0.17. Beyond that no clear trend emerges which would allow one to surmise either a greater of 

lesser prevalence of defects as the belt speed rises, indicating that the defect density is not 

strongly dependent on the mean shear rate. Alternatively, the duration over which profiles are 

averaged may not be sufficient for convergence towards the long term mean, obscuring a 



 15

relationship which may nonetheless be present. Since the velocity profiles do converge over 

the same time period (6 s), the fact that regression to the mean is not observed for the defect 

density profiles suggests that two time scales may be present. Velocities would appear to 

adjust on a fast time scale, while geometrical disruptions of the particle packing may take a 

long time to evolve.  

 

To clarify the above picture, a separate series of tests was conducted to measure the defect 

density profile )( kyδν  for granular layers at rest. For each test, steady uniform flow is first 

driven by the conveyor belt for at least one minute. The belt is then stopped, granular motion 

ceases completely, and a digital image of the static layer is acquired. In total, 32 still frames 

were acquired in this fashion. The defect density profile obtained by averaging the 

corresponding data is plotted as well on Figure 8. In the upper part of the flow, the static 

profile (filled disks) differs significantly from the dynamic profiles (hollow symbols). This 

indicates that even if no strong dependence is observed with respect to the rate of deformation, 

the granular assembly is nonetheless sensitive to being at rest or undergoing shear. While the 

static and dynamic data diverge in the upper part of the flow, they differ much less in the 

lower part. This is very likely to reflect the effect of the geometrically rough boundary, which 

disrupts the granular packing in the lowermost sublayers regardless of whether the grains are 

moving or not.  

 

Seeking to separate this static boundary disruption from dynamic features possibly generated 

by the shear flow, we fit an exponential curve to the lower part of the static data (see Figure 8) 

and subtract the resulting profile from the dynamic data. The resulting defect density profiles 

are shown on Figure 10. Upon subtraction of the static fit, the defect density now 

monotonously decreases from a maximum at the free surface to a minimum at the bottom. 
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Inspired loosely from the void propagation description of reference [25], we can formulate a 

simple model which roughly accounts for the shape of the defect density profile. Assume that 

the sheared layer is subdivided into discrete rows of particles numbered (from bottom to top) 

Nk ,,1L=  where dhN /20 ≈=  and d  is the particle diameter. The number density of 

defects in each row is ][kδν  and is assumed to evolve according to the following 

non-dimensional, semi-discrete evolution equation 

 CkJkJ
k

++−−=
∂

∂
][][
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2
1

τ
ν δ  (6) 

where γτ &t=  is a dimensionless time set by the shear rate |/| zu ∂∂=γ&  (assumed uniform 

over the depth), ][ 2
1+kJ  denotes a rate of transfer of defects from row k to row 1+k , and 

C is the rate at which defects are generated (assumed constant throughout the layer). The 

transfer rate J is assumed to take the form 

 ])1[][(][][ 2
1 +−+=+ kkBkAkJ δδδ ννν  

where the first component is the rate at which defects migrate upwards (e.g. when a vacancy 

in a lower layer is filled by a grain from an upper layer, hence an upwards migration of the 

vacancy) and the second component is a diffusive flux. This flux formulation can be seen as a 

discrete analogue of the Rouse theory of suspended sediment transport [26]. Parameters A and 

B are again taken to be constant. Boundary conditions can finally be set as  

 ,0][ 2
1 =J      7054.0][ =Nδν  (7) 

i.e. no flux at the rigid bottom and maximum randomness (the value )6(1 =−= nPδν  

corresponding to a Poisson point process) at the free surface. At steady state, 0/][ =∂∂ τν δ k  

and the resulting ordinary difference equation (O∆E) can be solved (see e.g. [27]) to obtain 
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The steady profiles depend solely on the two ratios AB /  and AC / , and a reasonable fit to 

the measured data is obtained by choosing =AB / 2 and =AC / 0.01 (see Figure 10). The 
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quality of the fit deteriorates significantly if any component of the above model is neglected.  

 

This very rough model suggests that, once static effects have been discounted, the distribution 

of defects results from a dynamic balance between three processes: the downwards diffusion 

of defects starting from the more random free surface, the upwards migration of defects as a 

result of their buoyancy (the pull of gravity favors packings of greater density and regularity), 

and the ongoing generation of defects inside the bulk due to shear. In the above model, the 

shear rate influences the time scale on which these mechanisms act but not the shape of the 

equilibrium reached at steady state. It is clear that the model falls far short of accounting for 

the rich internal structure documented earlier (Figures 3 and 4), in particular the organisation 

of the grains into blocks. Nevertheless, it appears to account for some basic features of the 

defect distribution over depth.  

 

7 

Conclusions 

Before concluding, important limitations of the present work must again be acknowledged. 

First and foremost, the present observations of 3D flow are restricted to 2D projections of 

granular patterns and motions visible near the channel sidewall, monitored over a limited time. 

Secondly, particle patterns were probed using but a single indicator of packing regularity. 

Finally, a limited range of flow conditions was explored, excluding for instance variations in 

depth of the granular layer or belt speeds fast enough to reach collisional flow conditions.  

 

Various tentative conclusions can nonetheless be drawn. First, the measurements of mean 

velocities underscore the high degree of rate-independence which constitutes the hallmark of 

the frictional regime. Profiles obtained over a range of conveyor belt speeds are strikingly 

self-similar, and collapse together when scaled with respect to the belt speed. Although the 
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scatter is wider, velocity fluctuations are found to roughly scale with the belt speed as well. 

Variations of the belt speed further have no clear influence on the density of lattice defects. 

This suggests that the microscopic features of the flow, just like the macroscopic mean 

velocities, exhibit a certain degree of invariance with respect to the rate of deformation.  

 

Overall, the picture which emerges from these observations is that the motions and 

arrangements of particles in slow granular flows are essentially a matter of kinematics. 

Velocities scale with the belt speed, acting as a kinematical boundary condition, but the 

driving speed otherwise appears to have little influence on the character of the flow. Or, to 

state this more carefully, whatever influence may be present is not strong enough to be clearly 

resolved by the measurements. 

 

As a second tentative conclusion, observations of the distribution of lattice defects over depth 

indicate that two types of effects can be distinguished: 1) static disruption by the 

geometrically rough boundary which affects nearby grains regardless of whether they are 

moving or not; 2) a dynamic balance of ordering and disordering mechanisms which 

intervenes when the granular layer is undergoing shear.  

 

While the above observations may provide some useful indications, even a cursory look at 

Figures 3 and 4 makes it clear that they are far from accounting for the rich internal structure 

of slow granular flows. This structure includes a dual organisation of particles into 

longitudinal chains and extended blocks, inducing long range correlations of both particle 

motions and arrangements. Intermittency in the evolution of these features is another defining 

characteristic difficult to convey in still images but clearly apparent when looking at the 

videos. Further probing of slow granular flows is clearly needed if one hopes to clarify the 

precise mechanisms underlying such phenomena. 
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Figure legends 

Figure 1. Inclined channel with internal conveyor belt circuit used for the experiments. 

Figure 2. Image analysis: a estimated particle positions; b voronoi cells with counts of the  

number of edges of each cell; c particle displacements (arrows) extracted by matching 

voronoi cell shapes between one image (thin lines) and the next (thick lines).  

Figure 3. Short-exposure snapshots: a single video frame with marked particle positions (×); b 

n-sided cells of the Voronoï diagram with indications of defects (+ for 6>n  and − for 

6<n ); c velocity vectors based on displacements over 5 successive frames.  

Figure 4. Long-exposure snapshots: a superposed sequence of 5 successive frames; b particle 

trajectories over 50 successive video frames; c ‘convected’ particle trajectories (upon 

subtraction of the local mean flow component) over 50 successive video frames.  

Figure 5. Measured mean velocities )(yu  for different conveyor belt speeds: a profile data 

(hollow symbols) in dimensional units, with belt speeds shown as filled symbol at the base 

of the layer; b data scaled with respect to depth h and belt speed 0u .  

Figure 6. Fluctuation velocities : a depth profile of normal-to-bed rms fluctuation velocity 

)(2 yv′ ; b data scaled with respect to depth h and belt speed 0u ; c comparison of 

longitudinal and normal-to-bed rms fluctuation velocities 2u ′  and 2v′ .  

Figure 7. Histograms of the number of sides n of Voronoï cells: a computed for a Poisson 

random point process [23]; b measured at the base of the flowing layer ( =hy / 0.1); c at 

mid-depth ( =hy / 0.5); d near the top ( =hy / 0.9), for a belt speed of =0u 14.7 cm/s. 

Figure 8. Depth profiles of the defect density )(yδν  for granular layers under shear (hollow 

symbols) and at rest (filled circles and exponential fit to the lower half of the data).  

Figure 9. Measured minimum defect density (min)
δν  for different belt speeds 0u . 

Figure 10. Depth profiles of the defect density after subtraction of the static fit, 

)0( 0 =− uδδ νν  (hollow symbols) and rough O∆E model fitted to the data (curve). 
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